The Hamilton-Jacobi equation for the low energy string effective action is solved using the gradient expansion method. The field equations are also expanded by the number of spatial gradients and the second order solution is found for the three-metric. The second order solution allows us to study the influence of initial inhomogeneities to the duration of pre-big bang superinflation. We conclude that the initial inhomogeneities become negligible during the superinflation, but the initial patch has to be extremely flat and homogeneous to get the sufficient amount of inflation.
Introduction
The most fundamental problems of cosmology are deeply related with the question about the initial singularity. According to the standard picture, the Universe appeared from singularity in a state of infinite density. Evidently, it is impossible to continue the discussion of cosmology over a time interval which contains a singular event. The appearance of the singularity is a manifestation of the inability of the classical general relativity to handle strong gravity situations adequately.
An attempt to deal with the initial singularity is the theory of quantum cosmology. It is based on the Wheeler-DeWitt equation, which is the usual Schrödinger equation for the wave functional of the Universe (for reviews of recent approaches see [1] , [2] ). In this context the quantum cosmological era is also responsible for generation of initial conditions which are required for inflation.
Superstring theory [3] is the leading candidate for description of physics of the Planck scale. Recently, investigating the generic properties of string theory, some interesting cosmological consequences have been found. If we believe that the string theory is an adequate theory of quantum gravity, it is natural, that it should predict the behaviour of the Universe at the pre-Planckian times and avoid the problems associated with classical singularity. On the other hand, concrete phenomenological consequences derived from the string theory can be tested only through the accordance with some cosmological model and prospectively also by observations.
The most successful stringy version of cosmological model is the so-called prebig bang scenario [4] , [5] . There are several arguments, in the string theory context [6] , that lead to the introduction of a pre-big bang epoch in the history of the Universe. The most important argument to deal with the pre-big bang is the fact that the low energy string action has a remarkable symmetry property, called scale factor duality [4] . This duality symmetry allows us to construct a dual solution for the cosmological solutions found from the effective action. We believe, that this dual solution describes the pre-big bang era, i.e. the evolution of the Universe from the string perturbative vacuum, namely from a cold and empty state with flat metric and vanishing gauge coupling, until the curvature and coupling reach their maximum and both, string and quantum corrections, become crucial. The initial string perturbative vacuum decays due to some unknown mechanism, and the kinetic energy of dilaton then drives a superinflationary expansion. The curvature and coupling maximum corresponds to the usual big bang event. After this really stringy phase a graceful exit transition [7] , [8] to the usual Friedmann-Robertson-Walker Universe occurs, and standard cosmological picture, with some shades, works well.
Despite the great success of the pre-big bang model, there remaine some unsolved problems like graceful exit and initial conditions [9] , [10] , [11] , [12] . Here we discuss only the problem related with the naturalness of initial conditions. Observations show that at present our Universe is rather homogeneous and isotropic. It is commonly believed that the present homogeneity was achieved from a chaotic (inhomogeneous) initial state by inflation. In the context of string cosmology the same is true for pre-big bang inflation. It is therefore important to consider the initial state of the pre-big bang inflation at the asymptotic past infinity. The simplest superinflationary solution is regular in the past and could be extended backwards in time indefinitely. This situation seems quite odd. In [13] it was argued, that the pre-big bang inflation generically evolves out of an initial state that approaches the Milne Universe in the asymptotic past. In [14] this idea was developed further and so-called asymptotic past triviality principle was presented. Here we treat a more modest approach and assume that the initial state is very weakly curved and coupled, but this does not mean that the initial state is absolutely flat and homogeneous. In any case, the problem of initial conditions in pre-big bang cosmology is distinct from the problem of the classical big bang singularity.
The paper is organized as follows. We devote the next section to a review of the basic assumptions and simplest solutions of the pre-big bang scenario. In section 3 we introduce the Hamilton-Jacobi formalism for the low energy string action. We use the gradient expansion method [15] , developed by Parry, Salopek and Stewart for general relativity, to find a step by step solution up to the second order of spatial gradients. In the second order of spatial gradients we include the curvature and dilaton inhomogeneities and discuss how the curvature affects the onset and duration of superinflation. Section 4 is devoted to summary.
Notation: We shall use the signature (−, +, +, ..., +). Spatial indices, 1,2,3, are denoted by Latin letters while spacetime indices, 0,1,2,3 are denoted by Greek letters. Unless otherwise specified, units in whichh = c = 1 will be used. If so, then time and length have the same units. A dot denotes a differentiation with respect to the cosmic time and prime with respect to the dilaton.
Pre-big bang scenario
Pre-big bang scenario is based on the low energy effective action of a heterotic superstring theory. In a maximally symmetric vacuum state the fermion fields must vanish and we are left with the low energy string effective action for bosonic fields of the N = 1, D = 10 supergravity multiplet. In the string (Brans-Dicke) frame, in d + 1 spacetime dimensions, it reads
where H µνρ = ∂ [µ B νρ] represents the Kalb-Ramond antisymmetric tensor field through its field strength, d+1 R is the scalar curvature in d + 1 spacetime dimensions, φ is the dilaton field determining the strength of the gravitational coupling through g 2 s ≡ e φ and λ s ≡ √ α ′ is the fundamental string length scale (minimal observable length). The cosmological constant, Λ, is proportional to the central charge deficit of the string theory. Due to anomaly considerations, the string theories are only consistent in a certain higher dimensional spacetime. In the case of this critical spacetime dimension the cosmological constant is equal to zero:
In what follows we shall assume that the d + 1 dimensional theory has undergone a compactification and only four macroscopic dimensions are effective. However, we don't consider the moduli fields, arising from the compactification of the antisymmetric tensor field on the internal dimensions. Upon compactification, in the lowest order in the inverse string tension and coupling, action (1) can be written as
In four dimensions the antisymmetric tensor field B µν is equivalent to a pseudoscalar, usually called the axion A, through relation
where ǫ µνρλ is the covariantly constant four-form.
Equations obtained from (2) (with additional setting B µν = 0) for a homogeneous spacetime (the Friedman-Robertson-Walker model) are characterized by a field redefinition symmetry [4] , [5] 
i.e. if {a, φ} is a solution, then {ã,φ} is also a solution of the field equations. The scale factor duality is a consequence of the underlying string theory symmetries (for a review see [3] ). Actually, the symmetry property (4) is a particular case of a more general symmetry property, called O(d, d)-invariance, where d is the dimension of compactified space (number of coordinates of which the metric and matter fields are independent) [16] .
In a FRW spacetime one can write the equations of motion derived from the action (2) with vanishing antisymmetric tensor field and in the presence of the perfect fluid matter sources as follows:
ρ + 3H(ρ + p) = 0,
where ρ, p are the matter density and pressure and H is the usual Hubble parameter. k = −1, 0, +1 for spatially open, flat or closed Universe respectively. Equations (5), (6), (7) , (8) have two classes of solutions [5] . The first class of solutions for t > 0 corresponds to the standard radiation-dominated epoch (here we have introduced the additional restriction that p = γρ, γ = 1 3 ):
where t 0 , φ 0 and ρ 0 are integration constants. The second class of solutions for t < 0 is obtained by a duality transformation (4):
Corresponding vacuum (T ν µ = 0) solutions for t < 0 are
The dual cosmologies are of superinflationary type, because the Hubble parameter is growing during the evolution as t → 0 − . It is evident, that solution (9) has a past singularity and solutions (10), (11) have a future singularity. These simple solutions (10) and (11) may be continued to the past infinity in time. However, we need to connect somehow the inflationary pre-big bang (increasing curvature and dilaton) at t < 0 and the FRW cosmology (decreasing curvature, constant dilaton) at t > 0. These two branches are related to each other by scale factor duality, but separated by curvature and coupling singularity [17] . This is the socalled graceful exit problem of the string cosmology and it strongly indicates that higher-order corrections cannot be neglected near the classical singularity. Near the curvature and coupling maximum the simple action (2) and the corresponding solutions break down and higher-order corrections to the low energy tree level action become crucial [7] , [18] , [19] .
Hamilton-Jacobi formalism and the problem of initial conditions
We first derive the Hamilton-Jacobi equation for the effective string action and then give some arguments to use gradient expansion method, developed by Parry, Salopek, Stewart [15] , to solve it order-by-order. This approximation method expands the field equations by the number of spatial gradients and allows us to study the curvature effects and inhomogeneities during the evolution of the Universe. A strong argument in favour of treating the Hamilton-Jacobi equation is the fact, that it is the lowest order equation in the Wenzel-Kramers-Brillouin (WKB) approximation of the Wheeler-DeWitt equation. This semiclassical approximation has been very fruitful in quantum cosmology and a lot of problems have been studied using this framework.
Hamilton-Jacobi equation for effective string action
Our starting point is the low energy effective action (2) with the assumption that the antisymmetric tensor field is absent (B µν = 0). We shall work in the string frame. In the Arnowitt-Deser-Misner (ADM) formalism in which the spacetime is foliated by a family of spacelike hypersurfaces the metric is parametrized as
where N (t, x k ) and N i (t, x k ) are the lapse function and the shift vector and γ ij (t, x k ) is the three-metric of spacelike hypersurfaces. In terms of metric (12) and discarding total derivates the action reads
Here H and H i are the densities of energy and momentum constraints, π ij and π φ are the momenta canonically conjucate to γ ij and φ, respectively. Lapse function N and shift vector N i act in (13) as Lagrange multipliers. Taking into account that L matter = √ −g L ′ and √ −g = N √ γ , variation with respect to N gives the Hamiltonian constraint
where R is the three-dimensional scalar curvature of a spacelike hypersurface and H matter denotes the matter Hamiltonian. In what follows, we assume that matter Hamiltonian is equal to zero, H matter = 0, i.e. we treat only a gravitational sector (earlier we set B µν = 0) of string perturbative vacuum. It is important to notice that Hamiltonian constraint (14) has different structure in comparison with the corresponding constraint derived from the usual Einstein-Hilbert action with minimally coupled scalar field (the scalar field treated as ordinary matter) 1 . Variation of action (13) with respect to the Lagrange multipliers N i gives the momentum constraints
In the following we don't consider the momentum constraints more in detail.
Variation of action (13) with respect to the corresponding momenta yields the equations of motion for φ and γ ij
Here K ij is the 3-dimensional extrinsic curvature tensor (the trace of K ij is a generalization of the Hubble parameter, K =γ γ ) and π = γ ij π ij is the trace of the gravitational momentum tensor. Variation of action (13) with respect to the field variables yields the evolution equations for the momenta. They are automatically satisfied provided that
satisfy the constraint equations and provided the evolution equations (16) and (17) hold [20] .
is the generating functional. The momentum constraints state that the generating functional is invariant under infinitesimal reparametrizations of spatial coordinates x l → x l + ξ l (diffeomorphism invariant) [24] . The generating functional is the central concept in semiclassical approximation.
After replacing the momenta from equations (18) into the constraint (14) we get the corresponding Hamilton-Jacobi equation
The Hamilton-Jacobi equation is a nonlinear hyperbolic functional partial differential equation which governs the evolution of generating functional
The energy and momentum constraints do not contain the lapse and shift functions and are for that reason free from gauge problem. After solving the Hamilton-Jacobi equation for S, we get an opportunity to solve also a field equations (16), (17) , and consequently determine the evolution of 3-metric and dilaton. There is no hope to find an exact solution to the Hamilton-Jacobi equation. However, it is possible to obtain approximate solutions.
Long-wavelength approximation
Let us introduce the basic formalism of gradient expansion [15] , [20] for investigating the Hamilton-Jacobi equation (19) . The generating functional
can be expanded into a series of terms according to the number of spatial gradients they contain:
Here S (0) contains no spatial gradients, S (2) contains two spatial gradients, and so on. If we have expanded the generating functional as (20) then also the corresponding Hamiltonian constraint (and the corresponding Hamilton-Jacobi equation) has an expansion
Requiring the constraint to vanish at each order we are able to solve the Hamilton-Jacobi equation order-by-order. We assume that each term in expansion (20) satisfy also the momentum constraint (15) . The long-wavelength approximation is actually the assumption that the characteristic comoving coordinate scale of spatial variation L cm (wavelength of inhomogeneities) is larger than the comoving Hubble radius R cm H = (H a) −1 << L cm . In terms of "physical" scale (L ph = a L cm ) the same is written as H −1 << L ph . On scales less than L ph the time derivatives dominate over spatial gradients and space is almost homogeneous. Inside the homogeneous region the three-metric and dilaton are coordinate independent and time dependent quantities.
The Hubble radius H −1 shrinks with time during the pre-big bang superinflation as t → t 0 and therefore very short-wavelengths are pushed out of the horizon. Inhomogeneities larger than horizon "freeze out". Larger scales cross the horizon at smaller values of the Hubble parameter H (large values of Hubble radius H −1 ). In the case of the de Sitter inflation the Hubble radius remains approximately constant (or increases slightly) and the situation is contrary: large scales cross the horizon at slightly larger values of Hubble parameter H. So the shrinking horizon amplifies much shorter wavelengths in comparison with the standard de Sitter inflation.
If we split the initial inhomogeneities into long-wavelength fluctuations and short-wavelength fluctuations then we can conclude that during the superinflation the importance of long-wavelength fluctuations is increasing essentially (initially short-wavelength fluctuations are stretched outside the horizon). These longwavelength fluctuations are an important part of any model of structure formation. The power spectra of fluctuations are tilted therefore to shorter wavelength modes and the scale-invariant or Harrison-Zeldovich spectrum (spectral index n=1) is damaged (spectral index increases) [21] . Here we are in touch with another problem of the pre-big bang scenario because the observations of cosmic structures and large scale anisotropy of cosmic microwave background support the scale-invariant spectrum and through that the standard inflation. It is obvious that neglecting the quantum and string effects it is not possible to give satisfactory solution to this problem. At the end of superinflation (shorter wavelength cross the horizon just near the end of inflation) the quantum effects are important and the quantum back-reaction tends to retard the rate the horizon shrinks. Another possibility to lower the spectral index is inclusion of the axion field, which is related to the Neveu-Schwarz antisymmetric tensor field H µνρ . The axion spectrum depends on the compactification of internal dimensions and allows a scale-invariant spectrum [22] . The structure formation problem is out of our main subject and we don't consider it more in detail.
For many cases the long-wavelength solution is sufficient and gives quite adequate description of inhomogeneities.
The zeroth order solution
The zeroth order term (long-wavelength approximation) does not include spatial derivates and we can neglect the last three terms in equation (19) (i.e. it is diffeomorfism invariant). The corresponding long-wavelength Hamilton-Jacobi equation is
As noticed in [23] equation (22) is invariant under the scale factor duality
We restrict the treatment here to the quasi-isotropic case and following [15] , [23] put the ansatz
The integral is taken over invariant three-volume d 3 x √ γ and the functional is therefore diffeomorphism invariant. As required, this ansatz contains no spatial gradients. Upon substituting this expression into equation (22) the Hamilton-Jacobi equation in the zeroth approximation reduces to differential equation
Direct integration of equation (25) leads to a simple relation for h:
Here h 0 is an integration constant and we specify it later. As h(φ) is proportional to the usual Hubble parameter (see the next subsection) we choose the upper sign in the exponent, as it is in agreement with general principle of pre-big bang, which state that in asymptotic past the Universe is sufficiently flat i.e. φ → −∞ ⇔ h(φ) → 0. The lower sign corresponds respectively to the post-big bang solution and we will not discuss it here. In the following we use the synchronous gauge where time is the proper length along the geodesics perpendicular to an initial hypersurface. Therefore lapse function N (t, x k ) = 1 and shift vector N i (t, x k ) = 0. Taking into account expressions for canonical momenta (18) the field equations (16) , (17) in the zeroth order approximation now reaḋ
Calculating the corresponding derivative from (26) and substituting it into equations (27), we get for the dilaton and the metric, respectivelẏ
Direct integration of (28) yields to the zeroth order solution for the dilaton 2
Here t 0 is integration constant that, in general, depends on spatial coordinates x l . In this case we incorporate the inhomogeneities of the dilaton field already in the zeroth order. The parameter t 0 (x) corresponds, in our interpretation, to the moment when quantum and string effects become significant (classical singularity) and roughly to the moment when superinflation ends: t 0 = t singularity ≈ t f . In this way we have very distinctly fixed the validity of the effective action (2) and thus also the validity of our treatment. From equation (30) we also get the restrictive condition for h 0 , namely, it should be negative, h 0 < 0. If we take h 0 as
then the zeroth order dilaton solution reads
This is manifestly the same result as presented in section 2. Substituting this relation into (29) and integrating it we get the zeroth order solution for the threemetric
where the seed metric k ij (x l ) is an arbitrary function of spatial variables alone. In this order of approximation we have included only the fluctuations of metric which have wavelengths larger than the Hubble radius and the inside geometry is therefore approximately homogeneous and flat. We can treat this solution also as a starting point to find the next order and therefore finer solutions for the Hamilton-Jacobi equation. In the light of arguments presented above we may conclude that in the case of a shrinking horizon the zeroth order solution gives quite exact evolution (better than in the case of constant or increasing horizon) of the three-metric and the dilaton.
If we perform a duality transformation for the dilaton (32) and for the threemetric (33), we get a corresponding post-big bang solution. However, in the postbig bang regime it is inevitable to incorporate some matter fields and therefore our vacuum solutions are inadequate.
The Hamilton-Jacobi approach yields solutions, which are consistent with the solutions obtained in the framework of the Lagrange formalism (see section 2).
The second order solution
In this subsection we first find the second order solution to the Hamilton-Jacobi equation. Then we shall derive the second order field equations and find a particular solution for the three-metric up to the second order in spatial gradients. This solution allows us to obtain some interesting conclusions about the sub-horizon inhomogeneity and also incorporate the curvature effects.
The second order Hamilton-Jacobi equation becomes
In the second order we can not forget the terms containing spatial gradients and through that we automatically incorporate some inhomogeneities. The generating functional is assumed to be
The second order generating functional (35) contains, as assumed, terms up to the second order in spatial gradients. It is diffeomorfism invariant and this invariance should be preserved also in higher orders of the expansion. Here we are neglecting the term proportional with the third diffeomorphism invariant quantity ∂ i ∂ i φ, since it is possible to set the prefactor of this term to zero (absorb to K(φ)) [15] . Upon calculating the respective variational derivates
substituting them into equation (34) and grouping together the coefficients of R, ∂ i φ∂ i φ and ∂ i ∂ i φ, we get for the second order Hamilton-Jacobi equation
Here we have used the equalities
and
The requirement that (38) vanishes gives the system of equations for J(φ) and K(φ)
We got three equations for two functions J(φ) and K(φ). However, the system is not over-determined, since only two of the equations are independent. From equations (41) and (42) we get general solutions for J(φ) and K(φ), respectively
These general expressions for J(φ) and K(φ) satisfy also the third equation (43).
To hold our treatment tracktable we choose the integration constant C 1 equal to zero: C 1 ≡ 0. Doing so, we are treating only a particular solution, because the second term in (44) and (45) is representing also a growing mode. In this case J(φ) and K(φ) are related with a simple expression J(φ) = √ 3K(φ). Now one can write the field equations for the dilaton (16) and for the threemetric (17) as followṡ
In the following we concentrate on the equation for the three-metric (47) and assume that the dilaton inhomogeneities have negligible influence, i.e. we assume that the zeroth order dilaton gives a quite good approximation. Substituting the zeroth order solutions to the second order term in (47) we get the differential equation for three-metric γ ij :
Solving equation (48) we get for the three-metric up to the second order in spatial gradients
where R ij (k) and R(k) are the Ricci tensor and scalar, respectively, associated with the seed metric k ij (x l ). In the second order we have incorporated the curvature as a small perturbation and expression (49) represents the non-linear evolution of the curvature and respective inhomogeneities. Here we do not specify the seed metric k ij (x l ) anyhow. The second term in expression (49) becomes negligible during the superinflation as t → t 0 and the initial inhomogeneities decay. This is an important conclusion and it also indicates that during the superinflation the long-wavelength approximation gives a quite adequate description, i.e. the approximation of neglecting the spatial gradients improves with time. This conclusion also seems to be in agreement with the standard result, which states, that spatial curvature becomes negligible during any kind of inflation. The situation is quite natural, because inflation requires a certain level of homogeneity. If homogeneity and spatial flatness are assumed inside some patch, then inflation appears automatically [9] . In this inflationary patch the time derivatives dominate over the spatial gradients. But, as pointed out by Veneziano [9] , the assumption of homogeneous initial conditions is not natural. It is natural to start with generic initial conditions, i.e. weak-coupling, weak curvature regime, but otherwise arbitrary. If so, then the approximation of neglecting the spatial gradients is inadequate before the onset of superinflation.
A very important issue of any cosmological model is the naturalness. We may ask how generic the model is. The same question is right in the context of the standard potential-driven inflationary model, as well as in the context of the prebig bang scenario. Recently, this problem has been investigated and conjectured that pre-big bang initial conditions have to be fine-tuned in order to give expected results [10] , [11] . Turner and Weinberg [10] concluded that curvature terms postpone the onset of inflation and can prevent getting sufficient amount of inflation before higher-order corrections become important. Kaloper, Linde and Bousso [11] have argued that horizon and flatness problems will be solved if the Universe at the onset of inflation is exponentially large and homogeneous. Counterarguments have been given in [9] , [13] , [18] , [12] .
Here we attack in our modest way the problem of fine-tuning of initial conditions and write down the requirement for initial curvature radius for getting sufficient amount of inflation.
At each point x l one can define a local Hubble parameter bȳ
Using expression (49) for the three-metric one can find approximatelȳ
Here
is the usual Hubble parameter for the zeroth order solution. This is also in agreement with the solution discussed in section 2. In (51) we have included the curvature and inhomogeneities. Here we can make also an additional observation. If we compare the expression for h (i.e. expressions (26) , (31)) 3 and the expression for the Hubble parameter up to zeroth order, straightforward calculation gives the relation between them 3 We used h in ansatz for zeroth order generating functional (24) .
Using the expression forH, it is possible to calculate the number of e-folds of growth in scale factor during the superinflation including the curvature corrections
Here t i , t f are the onset and end the time of superinflation, R i (γ (0) ), R f (γ (0) ) are the initial and the final spatial curvature and p is an unimportant positive numerical prefactor (p ≈ 0, 12). N 0 is the e-folding for the zeroth order solution, i.e. for spatially flat case (calculated from H).
Here it is time to remember that the low energy tree level effective action gives a valid description of the dynamics only up to the regions where the coupling is weak, e −φ ∼ 1 and the curvature is small, R ≤ 1 λ 2 s . In any case, the superinflationary solutions derived from action (2) break down at some moment t f when (t 0 − t f ) ∼ λ s and R f ∼ λ −2 s . In this case (t 0 − t f ) 2 R f ≃ constant and p(t 0 − t f ) 2 R f ≪ N 0 . If so, we can write the expression forN as follows
The effect of initial curvature (inhomogeneity) is now evident. Now we assume, that in spatially flat case the superinflation is long enough to solve standard problems. The necessary amount of inflation required to solve the homogeneity and flatness problems is about 60 e-foldings, i.e. an expansion of ∼ 10 26 :
From this requirement we get the following constraint for the onset moment t i of the superinflation (t 0 − t i ) 2 ∼ 10 33 λ 2 s .
After this prelude, we are able to ask: How small or large should be the initial curvature or curvature radius to influence significally (or even postpone) the duration of superinflation? The second term in expression (54) has to be small with respect to N 0
From (56) and (57) we get for initial curvature
and for initial curvature radius
We see that the initial patch has to be extremely flat and also extreamely homogeneous (for inhomogeneities L i ≥ C i curv ). In equation (59), the string length λ s is of course tiny, but we believe that λ s is a natural length scale in the string theory. In this context this huge number may be regarded as a fine-tuning of initial conditions. This result is essentially the same as in [11] , derived from a different point of view. On the other hand, the small initial curvature was an important assumption of the pre-big bang scenario. More recently, this problem has been treated by Gasperini [12] .
In [18] , it was discussed that α ′ corrections lead to the phase of exponential evolution of the scale factor and linear evolution of the dilaton. The expansion in the de Sitter phase should also be taken into account and the constraints on initial conditions should be relaxed. One can write the number of e-folds for the string phase as follows
where t s (t s ≈ t f ≈ t 0 ), t se are the initial and the end time of the string inflation and H s (H s ≈ H f ) is the value of the Hubble parameter at the beginning of this phase. Unfortunately, it is quite complicated to estimate these values sufficiently exactly to get some final conclusions. If we take roughly H s ≈ H f ∼ 1/λ s we get for the duration of the de Sitter phase ∆t s ∼ 60λ s (we still require 60 e-folds). This is a much softer result compared with the case of superinflation (56). In any case the question remains open, and much work is still needed.
Summary and conclusions
In this paper we investigated the gradient expansion for the Hamilton-Jacobi equation derived from the low energy tree level effective string action. The Hamilton-Jacobi equation is diffeomorfism invariant and the generating functional may be written in terms of a spatial gradient expansion. In the zeroth order we got the solutions for the background with inhomogeneities much large than the Hubble radius (typical horizon scale). These solutions are in conformity with the spatially flat case solutions derived in the context of the Lagrange formalism (section 2). The second order approximation includes the effect of spatial gradients. We found, that the corrective term dies off during the superinflation as t → t 0 and the evolution of the metric is well described by the zeroth order solution. This homogenization is smoothing the initial classical inhomogeneities, which originated from spatial gradients of seed metric.
We demonstrated that dilaton-driven inflation is smoothing out the initial curvature and inhomogeneities. But going backwards in time these initial classical inhomogeneities and the initial curvature are growing. At very early times (before the onset of superinflation) the approximation of neglecting spatial gradients becomes inadmissible. The question of naturalness of initial conditions will rise in the light of this result. We conclude that initial conditions have to be rather special in the famework of usual interpretation. As in the case of usual inflationary models we meet huge numbers, origin and meaning of which are unclear. Appearance of numbers like that is interpreted as a fine-tuning of initial conditions. This may allow us to conclude that a certain amount of fine-tuning is required in the context of dilaton-driven, as well as in the context of potential-driven inflationary models, in order to get expected results.
In its fullness, this question is unsolved and any improvement in this direction is indispensable. In [25] it is found, that the constraints for sufficient amount of inflation in anisotropic models are stronger than in the isotropic case. In a complete treatment we must include all effects -curvature, inhomogeneities, anisotropyto study the genericness of the pre-big bang inflation. Unfortunately, this is not an easy task. However, for the first time it seems that the problem of initial conditions is separated from the problem of the classical big bang singularity.
The pre-big bang scenario is far from being understood in all of its details. For a review of recent progress in this direction see e.g. [14] , [26] , [27] .
